In this paper a design of a master-slave microgrid consisting of grid-supporting current source inverters and a synchronous generator is proposed. The inverters are following the frequency of the grid imposed by the synchronous generator. Hence, the proposed structure of the microgrid is steadily synchronized. We show that the method achieves power sharing without the need of communication. Furthermore, no change in operation mode is needed during transitions of the microgrid between islanded and grid-connected modes.
I. INTRODUCTION
A microgrid is a network of connected power sources and loads in a small area which can be seen as one entity within the wide area electrical power system. Considering such a network as a building block of the power grid is mainly motivated by preventing blackouts. The microgrid is capable of disconnecting itself from the main grid in case of a fault in the main grid and reconnecting when the fault is resolved. In classical networks, electrical energy sources were mainly synchronous generators (SG). Currently, however, to take advantage of storage systems and renewable energies such as wind, solar, geothermal, etc., an interface for power regulation or conversion from Direct Current (DC) to Alternating Current (AC) is also needed. These interfaces are called inverters. A microgrid typically includes both synchronous generators and inverters.
Inverters are divided into three categories. The first category, "grid-forming" inverters, act as a voltage source with fixed frequency and amplitude. In case the microgrid disconnects from the main grid and goes to the so-called "islanded mode", these inverters can provide a reference for the voltage frequency. However, an islanded microgrid consisting of only grid-forming inverters typically suffers from poor power sharing and desynchronized phases. In particular, one voltage source might bear a high percentage of the load, while the others provide a lower share of power. Furthermore, phase differences might lead to extreme voltage attenuation. "gridfeeding" inverters form the second category, working as current sources such that their voltage follow the frequency of the grid/microgrid. These sources are capable of injecting either a constant or a time-varying power regardless of the load, e.g. by the Maximum Power Point Tracking (MPPT) method. Inverters of this type are extensively used in the wide area electrical power networks. The third category contains sources that are designed to contribute to the regulation and stability of the microgrid, which are called "grid-supporting". This category includes both the Voltage Source Inverter (VSI) and the Current Source Inverter (CSI). Grid-supporting VSIs measure the active and reactive power they inject to the grid and determine the output voltage amplitude and frequency according to these measured values. Counter-wise, grid-supporting CSIs measure the voltage amplitude and frequency, in order to inject a desired amount of active and reactive power accordingly. Figure 1 depicts the inverter categories (for further discussion see [1] ). Controlling the grid-supporting inverters acting as VSI is mostly carried out by the design of a controller such that the sources artificially mimic the behavior and dynamics of a synchronous generator. This conveys that the frequency of the inverter deviates from the nominal value in case of a mismatch between the measured electrical output power and its nominal value. In particular, droop controllers are well known to generate such a behavior. Similar to synchronous generators, these inverters are capable of "selfregulation" and therefore the network consisting of these inverters synchronize in frequency [2] - [4] . Furthermore, the power injection of such sources are shared according to the droop coefficients, which are often proportional to the assigned nominal power values.
While a large number of articles have focused on VSI, few have investigated the deployment of the grid-supporting inverters acting as a CSI [1] , [5] , [6] , which are the key components in our proposed microgrid design. These devices are capable of injecting electrical power dynamically while following the frequency of the grid. Current source inverters inject active and reactive currents according to the rotating frame of the grid voltage at their point of connection. Therefore they need a voltage source online in the grid to follow its frequency. Controlling a grid with such a scheme has been first suggested by [7] for operation of parallel uninterruptible power systems. However, the approach is not considered suitable for distributed generation (microgrid) mainly due to high communication requirements and the needs for supervisory control and extra cabling [8] .
In this paper, we propose a microgrid structure, consisting of one synchronous generator (or a droop-controlled VSI) as the main power source, and a number of grid-supporting CSIs (see Figure 2 ). Inverters follow the frequency of the grid which is determined by the synchronous generator in the islanded mode. Such a system design is close to a masterslave architecture yet without communication. Note that no switching is needed to go through the transition from gridconnected to islanded and vice versa. Merely synchronizing the synchronous generator phase with the main grid suffices for going back to the grid-connected mode. In the case of the main generator failure, the so-called "tertiary control" can switch the master to another generator similar to the method of high-crest current [9] . We show that our proposed system is stable and achieves the goal of power sharing for any topology of the network. Furthermore, we indicate that the system is capable of achieving cost optimization similar to the method used in [10] . Additionally, as a step towards practical applicability, an implementation of the proposed inverter is also provided.
There are three main advantages of the proposed architecture over conventional droop-controlled VSIs. First, the voltage frequency of all sources are synchronized at all times, while droop-controlled VSIs located at different nodes, generate their own frequency. Second, communication-less secondary control can be reached with higher accuracy. Third and finally, there are physical advantages of using current source inverters over voltage source inverters such as smoother DC-side current, longer lifetime of energy storage, inherent voltage boosting capability, and lower costs [11] .
The following sections are organized as follows: In Section II, the structure and the control technique are elaborated. A model is suggested for the proposed microgrid and the system stability with the designed controller is investigated. Afterwards, power sharing of the sources and cost optimization are discussed. In the third section, an implementation of the proposed grid-supporting inverter is provided. Finally, Section 4 provides simulation results of the implemented model. 
II. PROPOSED STRUCTURE AND CONTROL TECHNIQUE
As mentioned in Section I, the microgrid in the proposed scheme contains a synchronous machine and multiple CSI inverters. The network of this grid is represented by a connected and undirected graph G(V, E). The nodes V = {1, ..., n} represent a synchronous generator, grid supporting inverters and constant power loads. Edges E ⊂ V × V account for the distribution lines. The nodes are partitioned
the synchronous generator, inverters, and loads respectively. We also denote the cardinality of V L and V I with n I and n L .
A. Model
We use the classical swing equation as the model of the SG [12] 1 Mω
where M ∈ R + is the angular momentum, ω ∈ R is the frequency deviation from the nominal frequency, D ∈ R + is the damping coefficient, and P m and P e are the mechanical (input) and electrical (output) power respectively. The equality (1) indicates that in case of a mismatch between mechanical power and electrical power, the synchronous generator rotor speed, as well as the voltage frequency, deviates from the nominal value.
Considering P I,i , P L,i ∈ R + as the injected power of the inverter and the consumed power of the load at node i, we propose the following model for the aforementioned microgrid structure:
where u ∈ R is the control input of the synchronous generator, Υ i ∈ R is the control input of the inverter at node i, and δ L,i ∈ R, is the deviation from the nominal power consumption. We assume that the voltage magnitudes at each node in the network are constant and the reactive power injection at each node is identically zero. Note that the internal dynamics of P e , P I , and P L are not crucial for our analysis and their coupling equality (3) represents the law of conservation of energy. Here, the distribution lines are assumed to be purely inductive implying that there is no active power consumption in the distribution lines. We also assume that nominal values P * G ,P * I,i , and P * L,i satisfy the power balance
The system (2) can be written in compact form as
where Υ ∈ R n I and δ L ∈ R n L are the inverter control input and load power vectors, which represent the deviations from the nominal power values. We consider the power sharing vector ξ ∈ R n I to set the power injections of inverter controllers proportionally i.e. Υi Υj = ξi ξj . Without any loss of generality we assume that
Hence, we rewrite Υ as
where v ∈ R is the common control signal for all inverters and is to be designed later. Bearing in mind (6), (7) , and (9), (3) leads to
By substituting this into (5) , and using (8) we have
Finally, according to (4)
This indicates that the controllers at the inverter nodes are aligned with the action of synchronous generator controller.
Remark 1 Throughout the paper, the delays in the Phase Locked Loop (PLL) and Pulse Width Modulation (PWM) switchings are ignored and hence frequency following capability of inverters is assumed to be instantaneous. Also all line reactances are assumed to be sufficiently low. Therefore, the network frequency ω has the same value and is available at all nodes.
B. Controller Design 1) Controller for Inverters: We consider the main generator acting as the voltage reference with a fixed power control input (ū) and propose proportional integral controllers for the inverters 2 :
. Now, the system (10) can be described as
Theorem 1 For any β, γ > 0, the equilibrium (ω = 0,χ = (12) is globally asymptotically stable (GAS), and the inverter power injection Υ = ξ(−γω − βχ) converges asymptotically toῩ = −ξ(ū − 1 T δ L ).
Proof: We consider the Lyapunov function
We haveẆ
Observe that W is radially unbounded and has a strict minimum at ω = 0 and χ =ū −1 T δ L β . By invoking LaSalle invariance principle, the solutions converge to the largest invariant set for (12) s.t. ω = 0. On this set, the solution to (12) 
The latter shows that all the solutions on the invariant set converge to the equilibrium (ω = 0,χ =ū −1 T δ L β ). Having shown before stability of this equilibrium, GAS of (ω = 0,χ =ū −1 T δ L β ) is guaranteed. Moreover, on the invariant set we have:Ῡ
This completes the proof.
Remark 2
The interpretation of the proposed method is that by taking advantage of the information embedded in the frequency deviation as a result of the intrinsic droop 2 Although the integral of the voltage frequency can be interpreted as the voltage phase, we avoid denoting it by θ, since here χ is a control variable and is not bounded to [0, 2π).
characteristic of a synchronous generator, we avoid further communication.
Remark 3
In the sense of architectural control, the goals of primary and secondary controls are achieved. The advantage here, compared with the conventional droop controlled voltage source inverters, is that the integral controller is acting more precisely, since the integral action is taken over a common frequency at all nodes. Using integral controllers in the secondary control layer of a microgrid with conventional droop controllers, fails to maintain load sharing [13] and is not considered a long time stable solution [9] .
Setting β = 0, modifies the controller to a proportional one, i.e. v = −γω. In this case, the system (12) can be described as
Corollary 1 For any γ > 0, the equilibrium (ω =ū −1 T δ L D+γ ) of system (14) is globally asymptotically stable.
Proof: We consider the quadratic Lyapunov function
which proves GAS of the equilibrium. It is observed that the inverters, here, contribute to the primary control level leading to a frequency deviation at steady state that is smaller than in the case of a sole generator.
Remark 4
In the case β = 0, v is equal to −γω, and the inverter power injection at node i is obtained as P I,i = P * I,i − ξ i γω. The inverter dynamic model is hence similar to a conventional droop-controlled system. Here, the output power is regulated according to the frequency deviation of the grid, while in a droop-controlled voltage source inverter, the frequency is regulated according to the deviation from the nominal output power value. The advantage here is that the power network remains synchronized at all times. This leads to lower harmonics being received at the phased locked loops, by which voltage frequency (in our method) and output power (in conventional droop method) are measured.
2) Controllers for Inverters and the Main Generator:
Up to now constant power input of the controller (ū), is considered for the synchronous generator. Hence, no predetermined sharing occurs between the main generator and the inverters. However, it is possible to make use of an integral controller for the main generator as well. This modifies the controller (11) tȯ
Here, α ∈ R + and β ∈ R + determine the power sharing at steady state between the synchronous generator and the rest of the sources (inverters). Letũ = u + v 2 , then the system can be described as
Corollary 2
The equilibrium (ω = 0,χ = − 1 α+β 1 T δ L ) of system (16) is globally asymptotically stable.
The GAS of the equilibrium follows analogous to the proof of Theorem 1.
Remark 5 System (16) provides stronger and faster controller overcoming limitations in controlling the power fluctuations with a sole synchronous generator.
C. Power Sharing 1) Inverters: The inverters described by model (14) contribute to decrease the frequency deviation. However, the inverters provided in model (12) modify the power injection till the frequency of the microgrid is regulated and hence reaches the steady state ω = 0. In both cases, the increase in power injections are proportional according to the sharing vector ξ.
Provided that some costs are assigned to the power injection of the inverters, optimization methods can be adapted to minimize the energy cost. Here, we show that by a proper choice of the sharing vector ξ cost optimization can be achieved. We consider the quadratic cost function
where Λ ∈ R n I ×n I is a diagonal matrix of cost coefficients assigned to each node (inverter). Recall that, by Theorem 1, at steady-state we havē
Multiplying both sides of the above equality from the left by 1 T yields the following optimization constraint
To minimize the Lagrangian function
In accordance with (9) , the vectorῩ can be rewritten as
where
Noting that (18) satisfies (8), we have the following corollary.
Corollary 3 Let the vector ξ opt be given by (18). Then any solution to system (12) is such that the corresponding inverter power injection Υ = vξ opt asymptotically converges to the optimal power injection (17).
Proof: Since Υ = vξ opt , and v = −γω − βχ, we know from Theorem 1 that Υ converges to −βχξ opt , which is equal to −(ū − 1 T δ L )ξ opt . This ends the proof.
Remark 6 Similar to adjusting droop coefficients in conventional droop methods, various parameters can as well be interpreted (directly or inversely) as cost to form Λ in (18): nominal power values (power ratings) [14] , State of Charge (Soc) in storage systems [15] , insolation level in photovoltaic (PV) systems, or wind power in wind turbines. Alike the established droop methods, these values can be transmitted to the nodes via a low-bandwidth communication (tertiary control). This implies that in this case the total power injection (nominal+deviation) of each inverter remains proportional to the others.
2) Synchronous Generator and Inverters:
The main generator and the inverters share power in the model (16). All changes in the load are shared between the generator and the inverters according to the α and β in the steady state. Using (16) from Corollary 2 we havē which implies that the deviations from the nominal power consumption will be shared according to α/β ratio between the synchronous generator and the inverters. 
which implies that the total power injections remain proportional.
Remark 9
The ratio P * G / n I i=1 P * I,i can be modified without the need of any communication. In fact, power balance at any steady state ω = 0, can define new nominal values. Hence the input power of the synchronous generator (u) can be independently increased/decreased to a value which the network would achieve if the load has decreased/increased. In this case, the rate of change in power dispatch (control input u) for the synchronous machine can be as slow as the machine can safely follow without rapid fluctuations in frequency. This change in (master) power dispatch will be automatically followed by changes in the injected power of the inverters (slaves). Figure 3 depicts an implementation of the proposed gridsupporting current source inverter. The structure is similar to the CSI schematic provided in [1] with modifications in order to generate desired current value i * according to our controller design. The instantaneous power delivered by the inverter is
III. IMPLEMENTATION
where v d , v q and i d , i q are the direct and quadrature components of output current and voltage, resulting from the dq0 transformation. Since, the rotating frame is synchronized with the voltage, the quadrature component v q is kept at zero. Hence, (19) reads as
Therefore by setting i d to a desired i * d , it is possible to control the injected power. The PLL measures the frequency and the deviation from the nominal frequency is given as input to the controller. This input is added to the nominal power value P * (refer to the second equation in ), assigned a gain proportional to the power sharing, and divided by the direct axis voltage to generate the desired current i * d . PI controllers are used in the current controller block to set the output current i d to i * d .
IV. SIMULATION
The performance of the implemented model is simulated in SimPowerSystems, Matlab Simulink. A synchronous generator is connected to two current source inverters in series via inductive lines. The input power of the main generator is kept constant while the inverters are provided with integral controllers (see model (11)). Figure 4 depicts the schematic of the simulated microgrid, and frequency regulation and power sharing of the inverters. There is an increase in the load power (0.5 pu) at t = 0 and is set back to the previous value at t = 5. Results depict that the system is precisely synchronized in frequency at all times. Furthermore, inverters keep their ratio in sharing the active power and return precisely to their original power injection after the load is relieved. The parameters (per unit) used in this simulation are as follows: Synchronous Generator: M = 0.1, D = 0.05, P * G = 1, u = 3 ; Inverters: γ = 0.15, β = 1.5, P * I = 1.5, ξ 1 = 1 3 , ξ 2 = 2 3 ; Load: P * L = 5.5, δ L = 0.5 ; Line Inductance: X = 0.12.
V. CONCLUSION
A microgrid with a master-slave architecture is proposed in which a synchronous generator acts as the master and current source grid-supporting inverters act as the slaves. A model is provided for such a system and its stability is analyzed. Furthermore, an implementation for the inverter with the proposed controller is provided. Results confirm the validity of the modeling and the capability of the proposed microgrid to achieve power sharing and frequency regulation without any communication among sources. Future works include considering the dynamics of the phase locked loop, reactive power sharing, and complex distribution lines.
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